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Abstract

This paper presents a numerical study of multiphase flows in a micro gas/liquid mixing sec-

tion. The numerical simulation tool is based on the level set advection equation coupled with

incompressible Navier-Stokes equations in both the gas and liquid phases. The numerical scheme

is based on a standard staggered Marker and Cell (MAC) grid for discretization. The spatial

discretization is carried out by using a fifth order Weighted Essentially Non-Oscillatory (WENO)

scheme for the convective terms and a second order discretization for all other terms. The nu-

merical simulation tool is used to study a cross-shaped gas/liquid mixing section which produces

monodisperse gas bubbles coflowing with liquids in a micro-channel. The surface tension, liquid

flow rates and gas flow rates are varied to study the bubble generation process. A simple theoret-

ical model is also developed to predict the size of the bubbles generated. The numerical results

are in good agreement with both the theoretical and experimental results. Further simulations

are carried out with a T-shaped mixing section to validate the proposed theoretical model. All

numerical simulations are also checked and found to be grid independent.
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Nomenclature

φ = Level set function

ρ = Density

µ = Viscosity

g = Acceleration due to gravity

x = Axis aligned with liquid inlets

y = Axis aligned with gas inflow

z = Axis normal to y and z

t = Time

u = Velocity in x direction

v = Velocity in y direction

w = Velocity in z direction

~V = Velocity vector

∇ = Gradient operator

κ = Interface curvature

σ = Surface tension

τ = Pseudo time variable

~N= Normal vector (normal to interface)

1 Introduction

Currently, there is considerable ongoing research on multiphase flows in microfluidic devices. This

paper uses numerical simulations as a tool for studying two phase flows in micro gas/liquid mixing

sections. The numerical studies in this paper are a part of ongoing research in micro direct

methanol fuel cells. Figure 1 shows a schematic of the micro fuel cell considered in the research.

There are significant two-phase flow effects on both the anode and cathode side. In the anode
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channel the liquid methanol fuel exists with the carbondioxide bubbles generated by the chemical

reaction as follows:

CH3OH + H2O → CO2 + 6H+ + 6e− (1)

On the cathode side the air drawn in from the ambient exists with the water droplets formed due

to the chemical reaction as follows:

6H+ + 6e− + 3/2O2 → 3H20 (2)

Hence, an effective design of the methanol micro fuel cells needs a good understanding of such

two-phase flows in micro channels. In order to understand such two-phase flows an experiment

was designed by Cubaud et. al. [1] which uses an innovative gas/liquid mixing section to produce

gas bubbles coflowing with liquid in micro-channels. Previous experimental studies used absolute

instabilities in gas microligaments coflowing in a focused liquid stream to produce micro bubbles

via a self excited breakup phenomenon[2, 3]. In this paper, we use a numerical simulation tool

based on the level set method to study the above mentioned flows in the mixing section. Some of

the results from this numerical study were presented in an earlier AIAA paper [4]. In this paper

we extend the study with more simulations to ascertain the grid independence of the results and

to present a simple theoretical model to predict the sizes of the bubbles generated.

Level set based numerical methods are popular for simulations of multiphase or multimaterial

incompressible flows with complex topological changes [5, 6, 7, 8, 9]. The approach has also been used

in simulating flows in the microscale by using an adaptive level set method [10] which can achieve

the higher resolution required for microfluidic multiphase studies with minimum additional cost.

Sussman and Puckett [11] extended and improved the method by coupling the level set method

with a volume of fluid method and used it to compute flows in microscale jetting devices. This

approach was later extended to a second order coupled level set and volume of fluid method by

Sussman [12]. The level set methods for two-phase flows can either be based on a continuous surface

tension model [5, 6] or can be based on the Ghost Fluid Method (GFM) [7] which can capture the

jump conditions across a contact discontinuity. In the first case the flow properties are considered
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to be continuous across the two phase interface and hence the jump conditions are replaced by

equivalent continuous terms in the governing equations. In the case of the Ghost Fluid Method,

extended to multiphase incompressible flows by Kang et. al. [8], the numerical scheme takes

into account the jumps in the flow properties and the pressure discontinuities across multiphase

interfaces. The pressure Poisson equation was modified to include the pressure jump conditions

to effectively solve this problem. In the present numerical study both approaches were used and

the results for the mixing section study were found to be good from both approaches. Hence, in

the paper most of the simulations are conducted using the simpler continuous model.

In this paper we present studies of two-phase flows in micro mixing section channels. The

numerical simulation tool is based on the level set equation coupled with incompressible Navier-

Stokes equations for both the fluids. The interface jump conditions are approximated using a

continuous surface tension model and flow properties are continuous across the interface. The

equations are discretized on a standard MAC grid with velocities on cell walls and the rest of the

properties at the cell centers. A fifth order WENO discretization [7] is used for the convective terms

and a second order discretization is used for the viscous terms. The pressure poisson equation is

solved using a multigrid iterative solver. Simulations are considered for both a plus shaped mixing

section and a T-shaped mixing section. A simple theoretical model is developed to predict the

sizes of the bubbles generated. The numerical results are found to be in good agreement with

both the theoretical and experimental results.

2 Governing Equations

2.1 Incompressible N-S Equations for the Two Phases

The basic equations used in the simulations are the incompressible Navier-Stokes equations with

the gravitational term and jump conditions at the multimaterial interface. The viscous incom-
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pressible equations are:

∂ρ

∂t
+ ~V .∇ρ = 0 (3)

∂u

∂t
+ ~V .∇u +

px

ρ
=

(2µux)x + (µ(ux + vy))y + (µ(uz + wx))z

ρ
(4)

∂v

∂t
+ ~V .∇v +

py

ρ
=

(µ(uy + vx))x + (2µvy)y + (µ(vz + wy))z

ρ
+ g (5)

∂w

∂t
+ ~V .∇w +

pz

ρ
=

(µ(wx + uz))x + (µ(vz + wy))y + (2µwz)z

ρ
(6)

where t is the time, (x,y,z) are the spatial coordinates, ρ is the density, ~V =< u, v, w > is

the velocity field, p is the pressure, µ is the viscosity, and g is the gravity. The viscosity and

density parameters are different in the two fluids. The velocity is continuous across the multiphase

interface. However, when calculating the viscous terms and solving the pressure poisson solver the

jump conditions across the interface need to be calculated. The equations for the jump conditions

were derived by Kang et. al. [8] as follows:

[

px

ρ

]

=

[

(2µux)x + (µ(ux + vy))y + (µ(uz + wx))z

ρ

]

(7)

[

py

ρ

]

=

[

(µ(uy + vx))x + (2µvy)y + (µ(vz + wy))z

ρ

]

(8)

[

pz

ρ

]

=

[

(µ(wx + uz))x + (µ(vz + wy))y + (2µwz)z

ρ

]

(9)

[p] − [µ](∇u. ~N,∇v. ~N,∇w. ~N). ~N = σκ (10)

where σ is the surface tension, and κ is the curvature of the interface. The interface is tracked

using the level set equation:

∂φ

∂t
+ ~V .∇φ = 0 (11)

where φ = 0 represents the interface location. To keep the values of φ close to that of a signed

distance function the level set function is reinitialized after every time step using iterations in a

pseudo time variable:

∂φ

∂τ
+ S(φo)(|∇φ| − 1) = 0 (12)

5



The level set function is used to compute the normal vector and the interface curvature as follows:

~N =
∇φ

|∇φ|
(13)

κ = −∇. ~N (14)

2.2 Continuous Form

In this paper we mainly use the continuous form of the governing equations without the jump

conditions[5, 13]. In the continuous case the viscosity and density are expressed as functions of the

level set function as follows:

µ(φ) = µ− + (µ+ − µ−)H(φ) (15)

ρ(φ) = ρ− + (ρ+ − ρ−) (16)

where H(φ) is a Heaviside function based on φ defined as follows:

H(φ) =



























0 φ < −ε

1
2

+ φ

2ε
+ 1

2π
sin(πφ

ε
) −ε ≤ φ ≤ ε

1 φ > ε

(17)

and µ−, ρ− represent the fluid where φ ≤ 0 and µ+, ρ+ represent the fluid where φ > 0. Using the

continuous surface force model the pressure is continuous and the remaining jump conditions can

be modeled by adding a term of the form

δσκ ~N

ρ
(18)

to the right hand side of the momentum equations. Note that now the delta function is also

smeared out and calculated by taking a derivative of the above Heaviside function.

3 Numerical Method

The discretization of the above equations is performed using a standard MAC grid. The velocities

exist at the appropriate cell walls and the pressure, density, viscosity and level set function are
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defined at the cell center. The incompressible solver is based on a projection method and the time

advancement is carried out using a 3rd order TVD Runge-Kutta method. The convective terms

are discretized using a 5th order WENO scheme following the approach of Fedkiw et. al. [7]. For

the viscous terms both the continuous delta function approach and the jump conditions approach

is used based on the work of Kang et. al. [8]. In the projection method the pressure is solved

using the variable coefficient Poisson equations developed in [7]. The resulting poisson equation is

solved using a multigrid Gauss-Seidel iterative method.

The numerical procedure has been modified to consider slipping and dynamic contact lines

using models. However, in this paper all the simulations assume no contact of the 2-phase boundary

with the walls of the microchannels. This is a reasonable assumption for the current study since

the experimental cases we compared the results with showed no dewetting and the bubbles were

lubricated by a thin liquid film and there were no contact lines.

4 Results

The numerical code used in the simulations was validated by considering the test case of a rising

air bubble in water used by Kang et. al. [8] with various grid sizes and the results were presented

in an earlier AIAA paper [4]. The validated code was then used to compute the 2-phase flows in the

gas/liquid mixing section studied experimentally by Cubaud et. al.[1]. In the experiment there is

gas flowing through a microchannel. The liquid is introduced from two sides of the microchannel

(forming a cross like section) to pinch the gas flow and form bubbles. In the experiment the gas

and liquid flow rates are changed and their effects on the bubbles are studied by high speed camera

photos. A simple theoretical model is also proposed to predict the sizes of the bubble generated.

The numerical results are compared with both the theoretical prediction and the experimental

results.
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4.1 Grid Resolution Study Using 2-D Simulations

The resolution requirements for accurately predicting the mixing section flows were ascertained by

computing a 2-D test case with a gas velocity of 0.1m/s and a liquid crossflow velocity of 0.5m/s

in a 100µm by 500µm channel was computed with grid sizes of 33 × 161, 65 × 321, 129 × 641.

For the initial conditions, the channel was assumed to be completely filled with liquid except for

a small gas bubble at the entrance. As the simulation progresses more gas enters at the entrance

and grows this gas region which is subsequently pinched off by the liquid entering from the side

walls to form bubbles. The velocity profile for the gas and liquid inlets is assumed to be parabolic.

At the side walls the velocity at the wall is assumed to be zero everywhere except for the area

which the liquid enters the domain. Figure 2 shows the development of the gas bubble and the

subsequent pinching off due to the crossflow for the three grid sizes. Clearly, the two finer grids are

in very good agreement with regards to the bubble size and development rate. The quantitative

comparisons for the bubble size and frequency are presented in Table 1. The coarsest grid leads to

a difference of 7.08% in bubble size with respect to the finest grid. However, the frequency of the

bubble shedding agrees within 1% even with the coarse grid. With the double grid (65×321) case

the errors in both frequency and bubble size are less than 0.1%. Hence, the numerical simulations

show good convergence with increasing grid sizes. The two dimensional grid independence study

is used to determine the appropriate number of grid points for an accurate computation of the

flows in the 3-D gas/liquid mixing section.

4.2 Simulations of Flows in Gas/Liquid Mixing Section

After completing the validation and grid independence studies the two phase numerical simulation

code is used to study formation of the air bubbles by the break up of a air stream in a microchannel

by a crossflow of water from the sides of the microchannel. First, 2-D simulations were carried

out to investigate the ability of the code to predict the growth of the gas interface and the

pinching process to produce micro bubbles. In addition, the surface tension coefficient was varied
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to investigate its effect on the size of the bubbles produced. Finally, full 3-D simulations are

conducted for various gas and liquid flow rates and the results are compared with the experimental

results of Cubaud et. al.[1]. The mixing section is considered with liquid flow from two sides

(symmetric and plus shaped) or from one side (T-shaped).

2-D Simulation Results for Plus Shaped Section

The 2-D simulations were used in the grid independence study detailed above. In addition, we

also used the 2-D simulations to study the effect of varying the surface tension on the bubble sizes

and frequencies. The test cases considered air flow in a channel with water crossflow. The surface

tension was changed as σ = 0.0728kg/s2, σ = 0.01456kg/s2, and σ = 0.1456kg/s2. The densities

and viscosities were kept the same as the air and water values. Figure 3 shows a sequence of

plots of the air-water interface, with the pressure contours, to show the pinching process and the

formation of the bubble. Figure 4 shows the pinching process for the lower surface tension case.

The bubble formed in this case is much smaller than the previous case. When the surface tension

is increased, the bubble formed is longer as shown in Fig. 5. Hence, the surface tension is one of

the controlling factors in the size of the bubble formed. The results from the 2-D simulations are

also tabulated in Table 2 which shows the length of the bubbles formed in each case.

3-D Simulation Results for Plus Shaped Section

The 3-D simulations were conducted for various gas and liquid flow rates to evaluate the bubble

sizes and frequencies. Figure 6 shows a schematic of the simulation domain. The inlet velocity

profiles were considered to be bi-quadratic. All the simulations are in the low Bond number

(Bo ¡¡ 1) and low Capillary number (Ca ¡ 1) regime. The gas Reynolds number is in the range

Re = 1 − 5, and the liquid Reynolds number is in the range Re = 20 − 80. In all the simulations

the cross-section is 100µm × 100µm.

From the experimental results one of the important controlling parameter was found to be

the homogeneous liquid fraction αL = QL

QL+QG
. The numerical simulations were conducted for
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homogeneous liquid fractions of 0.5, 0.67, and 0.8. The results were then compared with the

experimental results. Figure 7 shows a sequence of plots corresponding to various instants in

time, for the αL = 0.5 case. The gas-liquid interface is plotted in the figures. The elongation of

the interface and the subsequent pinching due to the liquid crossflow can be clearly seen. The

size of the bubble pinched off is about 1.9 times the channel width. The flowfield details can

be understood by looking at the instantaneous velocity contours. Figure 8 shows the u velocity

contours for a XY cross-section, superposed with the interface location. The liquid flow from the

sides is clearly seen. This flow from the two sides squeezes the gas flow and eventually pinches it

to form the bubbles. The v velocity contours are shown in Fig. 9. From the figure it is evident

that the flow is faster in the section of the bubble which is is squeezed in. Above the bubble the

flow returns to a channel flow profile very rapidly. This is also seen in the YZ cross-section plots

seen in Fig. 10. Figure 11 shows the w contours in the YZ plane superposed with the interface

location. In this case we can see that there is no direct squeezing of the bubble by the liquid (in

this plane). The bubble initially almost touches the walls and then thins out because of the flow

in the Y direction.

Figure 12 shows pinching process for a higher homogeneous liquid fraction of 0.67. The bubble

size is now reduced since the faster liquid velocity results in a quicker pinching of the bubble. When

the αL value is further increased to 0.8 the bubble size is also further reduced. In addition, there

is significant deformation of the bubble once it is pinched due to the high liquid velocities pushing

it. Hence, based on the above results, we can conclude that the bubble size can be effectively

controlled by varying the homogeneous liquid fraction.

Grid Independence Study and Comparisons with Theoretical and Experimental Results

The results from the 3-D simulations are checked for grid independence by using three grid

sizes: 32x32, 48x48, and 64x64 for each cross-section (the streamwise grid number is based on the

length of the channel used). The bubble sizes obtained are compared in Fig. 14. The results show

that the bubble size obtained is grid independent. A theoretical estimate can be obtained for the
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bubble sizes by a simple analysis. The estimated time for pinching can be approximated based on

the width of the channel (d) and the liquid velocity as follows:

T ≈
d/2

UL

(19)

UL =
QL

2A
(20)

=> T ≈
d A

QL

(21)

where QL is the total liquid volume flow rate (including both sides). It should be noted that we

consider only d/2 since the bubble is pinched by the liquid from two sides. The bubble grows at

approximately the combined gas and liquid velocity. Hence, a good approximation of the bubble

size is as follows:

L ≈
QL + QG

A
× T (22)

=> L/d ≈
QL + QG

QL

=
1

αL

(23)

From the numerical simulations we have obtained the bubble sizes for various liquid fraction values

and compared them with existing experimental results [1] as shown in Fig. 14 and the theoretical

result derived above. The results show that the numerical simulations are in good agreement with

experimental results and the relation developed based on the simple theoretical analysis. The

numerical results are found to be within the experimental scatter.

Hence, the 3-D simulations were able to capture the gas/liquid interface development and

pinching process observed in the experimental studies. The bubble sizes obtained from the nu-

merical studies are in good agreement with the corresponding experimental results.

3-D Simulations of Flow in T-Shaped Mixing Section

The first set of test cases considered were for a symmetric plus shaped mixing section. In

order to study non-symmetric pinching and bubble formation simulations for flow in a T-shaped

mixing section are also carried out. This case also serves as a further validation for the theoretical

model presented above. The setup of the problem is exactly same as the first case except the
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liquid pinching the gas flow is coming in from only one side. Simulations are currently in progress

for various flow rates to study the pinching process. Figure 15 shows an instantaneous interface

location during the pinching process. The asymmetric development of the bubble can be clearly

seen.

Further studies are also in progress for varying channel sizes from macro scales to micro scales in

order to ascertain the limits of the simplified theoretical model developed above and to understand

the various factors influencing the bubble generation process at different scales. Simulations for

longer channels are also in progress to determine the frequencies of bubble generation and to study

bubbly flow in microchannels. Figure 16 shows an instantaneous plot from a simulation for a long

channel test case. The figure shows the first bubble already detached and the second bubble

being formed. Results from a longer time study can give frequency information and help in flow

characterization.

5 Conclusions

Two phase flows in micro liquid/gas mixing sections of two different geometries have been simulated

using a level set method based numerical simulation tool. Results of both 2-D and 3-D simulations

of two-phase flow computations in micro channels have been presented. The results show that the

gas and liquid flow rates can be adjusted to produce gas bubbles of varying sizes coflowing with

liquid in microchannels. The numerical simulation results for bubble sizes were found to be in

good agreement with existing experimental results and a simple theoretical model was developed to

predict bubble sizes. The numerical results are also shown to be grid independent using simulations

of varying grid resolutions.
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Table 1: Variation of bubble sizes and frequencies with grid sizes. Gas velocity set at

0.1 m/s, and liquid velocity fixed at 0.5 m/s. The comparisons are made with the

finest grid as reference.

Grid Size Bubble Size Frequency

33 × 161 7.08% 1%

65 × 321 < 0.1% < 0.1%

129 × 641 - -

Table 2: Variation of bubble sizes with surface tension. Gas velocity set at 0.1 m/s,

and liquid velocity fixed at 0.5 m/s.

Surface Tension (Kg/s2) (Bubble Length)/(Channel Width)

0.0728 1.219

0.01456 0.685

0.1456 1.419
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Figure 1: A schematic of a micro direct methanol fuel cell showing the fuel cell structure and the

chemical reactions involved.
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Figure 2: Sequence of figures, each showing pressure contours and phase boundaries, illustrating the

formation of bubbles in 2-D microchannel. Computations for air and water as the two fluids and domain

size of 100µm × 500µm. Simulations performed using 33 × 161 (dotted) , 65 × 321 (dashed lines), and

129 × 641 grids (solid lines) as a part of grid independence study.
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Figure 3: Sequence of figures, each showing pressure contours and phase boundaries, illustrating the

formation of bubbles in 2-D microchannel. Air and water considered as the two fluids with surface

tension coefficient set as 0.0728kg/s2 .
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Figure 4: Sequence of figures, each showing pressure contours and phase boundaries, illustrating the

formation of bubbles in 2-D microchannel. Test case with decreased surface tension of 0.01456kg/s2 .
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Figure 5: Sequence of figures, each showing pressure contours and phase boundaries, illustrating the

formation of bubbles in 2-D microchannel. Test case with increased surface tension of 0.1456kg/s2 .
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Figure 6: Schematic of the computational domain for 3-D microchannel simulations.
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Figure 7: A sequence of figures showing the development and detachment of an air bubble in the

crossflow mixing channel. Flow rates correspond to QL/(QL + QG) = 0.5.
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Figure 8: A cross-section (XY plane) of the flowfield showing the interface location and u velocity

contours. Results for the QL/(QL + QG) = 0.5 case.
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Figure 9: A cross-section (XY plane) of the flowfield showing the interface location and v velocity

contours. Results for the QL/(QL + QG) = 0.5 case.
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Figure 10: A cross-section YZ plane of the flowfield showing the interface location and v velocity

contours. Results for the QL/(QL + QG) = 0.5 case.
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Figure 11: A cross-section YZ plane of the flowfield showing the interface location and w velocity

contours. Results for the QL/(QL + QG) = 0.5 case.
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Figure 12: A sequence of figures showing the development and detachment of an air bubble in the

crossflow mixing channel. Flow rates correspond to QL/(QL + QG) = 0.67.

23



-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

-5E-05

0

5E-05

Z

-5E-05

0

5E-05

X

0
5E-05

0.0001
0.00015

0.0002
0.00025

0.0003

Y

X

Y

Z

Figure 13: A sequence of figures showing the development and detachment of an air bubble in the

crossflow mixing channel. Flow rates correspond to QL/(QL + QG) = 0.8.
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Figure 14: Comparison of numerically computed bubble sizes, for various flow rates, with experi-

mental results of Cubaud et. al. [1] and prediction from theoretical analysis.
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Figure 15: A section of the 3-D numerical result for T-section mixing channel flow showing the

asymmetric growth of the bubble. Flow rates correspond to QL/(QL + QG) = 0.5.
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Figure 16: An instantaneous plot of the zero level set showing detachment of an air bubble in a

long crossflow mixing channel. Flow rates correspond to QL/(QL + QG) = 0.6.
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