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A new high-order cut-cell method is used to numerically simulate two dimensional roughness effects on
modal growth in a hypersonic boundary layer. The steady base flow is simulated first by solving the com-
pressible Navier–Stokes equations. Perturbations correspond to Mode S wave at 100 kHz and a wall nor-
mal velocity pulse with a continuous frequency spectrum up to 1 MHz are imposed onto the mean flow
with roughness separately. A Fast Fourier Transform (FFT) is used to decompose the perturbation and to
study the evolution of perturbations at different frequencies. The number of roughness elements in the
boundary layer is changed for two test cases. Moreover, the effect of roughness height is studied in
the Mode S simulation. It is found that when the roughness element is located at the synchronization
point of a particular frequency (i.e. synchronization frequency), perturbations at frequencies higher than
the synchronization frequency are damped. On the other hand, perturbations at frequencies lower than
the synchronization frequency are amplified by the roughness. The same conclusion is drawn in cases
where the roughness location is changed. The relation between roughness and the synchronization point
is a candidate to explain roughness delayed transition seen experimentally.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction stream and vehicle self-induced fluctuations such as acoustics, dy-
Transition can have a first-order impact on the lift and drag, sta-
bility and control, and heat transfer properties of air vehicles [1,2].
In particular, roughness induced transition is an important consid-
eration in the design of thermal protection systems (TPS) of hyper-
sonic vehicles [3]. A reentry vehicle entering the atmosphere
initially experiences a heating environment associated with a lam-
inar boundary layer. As the vehicle altitude decreases, the Reynold
number increases and the boundary layer eventually becomes tur-
bulent. The transition from a laminar boundary layer to a turbulent
one can lead to an increase in surface heating rates by a factor of
five or more. Thus, the ability to understand the physics of rough-
ness induced transition plays an essential role in the design of TPS
for reentry vehicles. Currently, roughness induced laminar–turbu-
lent transition in hypersonic boundary layers, especially that in-
duced by arbitrary surface roughness, is still poorly understood
due to the limitation in experimental facilities and numerical
methods [4].

Ideally, the laminar–turbulent transition process can be divided
into four stages. The first stage involves small disturbance fields
which are initialized by the viscous flow via a process termed
receptivity. The initial disturbance fields can involve both free
namic vortices, and entropy spottiness. The next stage is the linear
growth stage, where small disturbances are amplified until they
reach a critical amplitude where nonlinear effects become impor-
tant. The amplification can be in the form of exponential growth
of eigen-modes (Tollmien–Schlichting waves or Mack waves) and
non-modal growth of optimal disturbances (Transient growth).
Once a disturbance has reached a finite amplitude, it often satu-
rates and transforms the flow into a new and possibly unsteady
state. This is termed the secondary instability stage. The last stage
is the breakdown stage where nonlinearities and/or high-order
instabilities excite an increasing number of scales and frequencies
in the flow.

A receptivity study is mainly concerned with the excitation of
instability waves where the characteristics can be analyzed by lin-
ear stability theory (LST) [5]. LST analyzes the propagation of indi-
vidual sinusoidal waves in the streamwise direction inside the
boundary layer. These waves are referred to Tollmien–Schlichting
(T–S) waves for low speed flow. Their amplitudes vary through
the boundary layer and die off exponentially outside the boundary
layer. Extensive numerical and theoretical researches has been
conducted to solve the linearized Navier–Stokes equations and
many characteristics regarding the instability waves in hypersonic
boundary layers have been discovered [5–9]. Mack [5] identified
unstable modes using LST for compressible flow. He showed that
inside a supersonic boundary layer, there are multiple higher
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instability modes in addition to the first mode, which is the com-
pressible counterpart of T–S waves in incompressible boundary
layers. These instability modes in the supersonic boundary layer
are termed the first mode, second mode, third mode, etc. For a
supersonic boundary layer with a Mach number larger than four,
Mack’s second mode is the most unstable mode. It plays an impor-
tant role in hypersonic boundary layer transition.

Direct numerical simulation has become an effective research
tool for studying hypersonic boundary layer receptivity, stability,
and transition by numerically solving the time-dependent three-
dimensional Navier Stokes equations for temporally or spatially
evolving instability waves. Malik et al. [10] investigated the re-
sponses of a Mach 8 flow over a sharp wedge of a half-angle of
5.3� to three types of external forcing: a planar free stream acoustic
wave, a narrow acoustic beam enforced on the bow shock near the
leading edge, and a blowing-suction slot on the wedge surface.
They concluded that these three types of forcing eventually re-
sulted in the same type of instability waves in the boundary layer.
Ma and Zhong [11] studied the receptivity mechanisms of the same
hypersonic boundary layer to various free stream disturbances, i.e.,
fast and slow acoustic waves, vorticity waves, and entropy waves,
by solving the two-dimensional compressible Navier–Stokes equa-
tions. They found that the stable modes (i.e. Mode F) in the bound-
ary layer played a very important role in the receptivity process.
Recently, Wang et al. [12] further studied the response of a Mach
8 flow over a 5.3� half-angle sharp wedge to wall blowing and suc-
tion. The results showed that Mode S is strongly excited when the
actuator is located upstream of the corresponding synchronization
point. There is no significant amplification of pressure perturbation
when the actuator is downstream of the synchronization point.
Although the exact cause or mechanism of this result was not clear,
such a result was obtained for wall blowing suction at all frequen-
cies considered in their study. Balakumar [13] numerically investi-
gated the receptivity of a two-dimensional roughness to acoustic
waves and found that the isolated roughness does not contribute
much in generating unstable disturbances. Marxen and Iaccarino
[14] simulated the effects of a localized two-dimensional rough-
ness element on disturbance amplification in a hypersonic bound-
ary layer. Their numerical experiments showed that in the vicinity
of the separation regions, which are located upstream and down-
stream of the roughness, an increased amplification of a second-
mode disturbance occurs for a certain frequency.

Roughness has long been used to trip boundary layers to turbu-
lence, but there have also been reports of experiments where
roughness was found capable of stabilizing boundary layer. In
1964, Holloway and Sterrett [15] performed experiments on a
boundary layer at Mach 4.0 and 6.0 with surface roughness at dif-
ferent local Reynolds numbers. They found that under certain cir-
cumstances, roughness with a height less than the boundary
layer thickness can delay transition onset on a flat plate compared
with the no roughness situation. Recently, Fujii investigated the ef-
fect of two dimensional surface roughness on a hypersonic bound-
ary layer [16]. The experiment was carried out at the JAXA 0.5 m
hypersonic wind tunnel using a 5� half angle sharp cone. It was
found that wavy wall roughness can delay transition. To date, the
exact cause of the delay is still unknown.

Previous DNS studies have shown that the roughness location
plays an important role in the development of Mode S wave ex-
cited by a blowing suction slot [17]. It was found that the location
of the synchronization point and the location of roughness are
important factors in deciding roughness effect on transition [18].
Duan et al. [17] shows that when roughness is placed downstream
of the synchronization point of one wave mode, that mode will be
damped by roughness. However, if roughness is placed upstream of
the synchronization point, the mode will be amplified. This could
lead to an explanation of roughness delay transition as seen in
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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experiments [15,16]. Thus, providing a way to control transition
using two dimensional roughness may be possible. However, Duan
et al. [17] only considered the roughness effect on one single fre-
quency excited by blowing and suction. Moreover, only one rough-
ness height was studied. In this paper, we further investigate the
finite two dimensional roughness effect on perturbation growth
over a Mach 5.92 flat plate boundary layer. To expand the studies
of Duan et al. [17] and Fong et al. [19], the unsteady simulation
model in this paper are a prue Mode S perturbation at 100 kHz
and a wall normal velocity pulse. The wall normal velocity pulse
has a frequency range of 1 MHz. The effect of roughness location
and perturbation frequency is studied by decomposing the pertur-
bations using FFT analysis. Moreover, the role of roughness heights
and locations are also studied in the Mode S case.

2. Governing equations

For direct numerical simulation of hypersonic boundary layer
transition, the governing equations are the three-dimensional Na-
vier–Stokes equations. It is assumed that the flow is Newtonian
fluid with the perfect gas assumption and isothermal wall
conditions. The governing equations can be written in the follow-
ing conservation-law form in Cartesian coordinates,

@U
@t
þ @Fj

@xj
þ @Fv j

@xj
¼ 0 ð1Þ

where U; Fj and Fvj are the vectors of flow variables, convective
flux, and viscous flux in the spatial direction respectively. They
are defined as

U ¼ fq;qu1;qu2;qu3; eg ð2Þ

Fj ¼

quj

qu1uj þ pd1j

qu2uj þ pd1j
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In this paper, only perfect-gas hypersonic flow is considered, i.e.,

p ¼ qRT ð5Þ

e ¼ q CvT þ 1
2

ukuk

� �
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sij ¼ l @ui

@xj
þ @uj

@xi

� �
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@uk
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ð7Þ

qj ¼ �k
@T
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where R is the gas constant. The specific heat Cv is assumed to be
constant with a given ratio of specific heats c. The viscosity coeffi-
cient l can be calculated by Sutherlands law in the form

l ¼ lr
T
T0

� �3=2 T0 þ Ts

T þ Ts
ð9Þ

where for air, lr ¼ 1:7894� 10�5 Ns=m2; T0 ¼ 288:0 K; Ts ¼
110:33 K and k is assumed to be �2=3l. The heat conductivity
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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Fig. 2. A schematic of the problem: 1. Roughness; 2. Bow Shock; 3. Synchronization
point; 4. Boundary layer; 5. Pure Mode S perturbation based on LST results, or wall
normal velocity pulse.
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coefficient k can be computed through a constant Prandtl
number.

3. High order cut-cell method

A schematic of a computational domain and a cut-cell grid with
roughness is shown in Fig. 1. This figure shows a typical hypersonic
flow over a blunt body, where a bow shock is created by the super-
sonic freestream. In this paper, a high-order shock-fitting method
is used to track the movement of the bow shock which is treated
as the upper boundary of the computational domain. The compu-
tational grid for a shock-fitting formulation is bounded by the
bow shock above and the blunt body below. The cut-cell grid is a
smooth curvilinear grid fitted to the baseline body shape without
any roughness element. As a result, the roughness surface cuts
across the grid lines. The roughness surface, C, is represented by
the surface equation in the following form,

C : f ðx; y; zÞ ¼ 0 ð10Þ

For a problem concerning practical arbitrary roughness, it is likely
that there is no analytical equation applicable to represent the
shape of the roughness element. In this case, a set of n discrete
points fðx1; y1; z1Þ; . . . ; ðxn; yn; znÞg are used to represent the surface.

Both Eqs. (1) and (10) in the physical domain are transformed
into a Cartesian computational domain bounded by the bow shock
and flat plate. In the computational coordinate system, the body
fitted grids are represented by curvilinear three-dimensional coor-
dinates ðn;g; 1Þ along the grid lines. The unsteady movement of the
bow shock is treated as the computational upper boundary located
at g ¼ gmax, which is time dependent. The other grid lines,
1 ¼ const and n ¼ const, remain stationary during computations.
The coordinate transformation is defined by:

n ¼ nðx; y; zÞ
g ¼ gðx; y; z; tÞ
1 ¼ 1ðx; y; zÞ
s ¼ t

8>>><
>>>:

$

x ¼ xðn;g; 1; sÞ
y ¼ yðn;g; 1; sÞ
z ¼ zðn;g; 1; sÞ
t ¼ s

8>>><
>>>:

ð11Þ

where ðx; y; z; tÞ are the physical coordinates in the Cartesian coordi-
nate system.
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Fig. 1. Physical and computational domain of a cut-cell grid with hypersonic flow over a
transformed roughness.
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A third-order accurate cut cell method is used in the current
numerical simulation [20]. A set of uniformly distributed Cartesian
grids can be generated in the computational domain where the grid
distribution in the physical domain is not uniformly distributed. Be-
cause smooth body-fitted grids are generated in the regular compu-
tational domain without roughness, some of the Cartesian grid cells
may be cut by the roughness boundary, which leads to irregular
Cartesian grid cells. More details of the grid structure and numerical
detail are discussed previously in Duan et al. [20].
4. Results and discussion

4.1. Flow conditions and roughness model

The high order cut-cell method has been applied to model an
isolated roughness on the surface of a hypersonic flat plate. Both
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blunt body with surface roughness: (a) physical grid, (b) computational grid with a
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steady and unsteady flows with surface roughness are considered.
The free stream conditions are the same as those used in Maslovs
experiment [6] as follows,

Pr ¼ 0:72; R1 ¼ q1 � u1=l1 ¼ 13:2� 106=m
M1 ¼ 5:92; T1 ¼ 48:69 K; P1 ¼ 742:76 Pa

(

where M1; T1; P1; Pr ; R1 are Mach number, freestream tempera-
ture, freestream pressure, Prandtl number and unit Reynolds num-
ber, respectively. The flat plate is assumed to be isothermal. An
isolated roughness element of smooth shape is placed on the sur-
face of the flat plate. Motivated by Whitehead’s experiments [21],
the shape of the surface roughness is chosen to be a two-dimen-
sional bump, governed by the elliptic equation,

ðx� xrÞ2

a2 þ y2

b2 ¼ h2

where the parameters a; b, and h control roughness width and
height. In current test cases, the roughness width is fixed at 2 times
the local boundary layer thickness while the height ranges from 25%
to 62.5% of the local boundary layer thickness. In addition, xr defines
the location of the roughness center. The grid size is 241 points in
the stream-wise direction and 121 points in the wall-normal direc-
tion in each computational zone. The third-order cut-cell method is
used to compute the two-dimensional viscous hypersonic flow over
the flat plate with the roughness element.
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Fig. 3. Pressure contours and streamline pa
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4.2. Steady flow solution with single surface roughness element

As mentioned previously in Section 4.1, the high order cut-cell
method is implemented to model the roughness. In order to study
the effect of both roughness location and roughness height on a
hypersonic flat plate boundary layer, the roughness is placed at
four different locations. For each location, four different roughness
heights ranging from 25% to 62.5% of the local boundary layer
thickness are considered. The roughness location is chosen accord-
ing to the synchronization point of Mode S at 100 kHz that will be
imposed onto the flow for unsteady simulations. For this case, the
synchronization point is located at, xs ¼ 0.331 m. The details of the
synchronization point will be discussed in Section 4.4. The settings
for each cases are:

Case 1: Roughness far upstream of the synchronization point.
xr = 0.1101 m; Local boundary layer thickness, d ¼ 1:448�
10�3 m; roughness height 0:25d; 0:375d; 0:5d; 0:625d.

Case 2: Roughness upstream of the synchronization point.
xr = 0.185 m; Local boundary layer thickness, d ¼ 1:61� 10�3 m;
roughness height 0:25d; 0:375d; 0:5d; 0:625d.

Case 3: Roughness at the synchronization point. xr = 0.331 m;
Local boundary layer thickness, d ¼ 2:82� 10�3 m; roughness
height 0:25d; 0:375d; 0:5d; 0:625d.

Case 4: Roughness downstream of the synchronization point.
xr = 0.410 m; Local boundary layer thickness, d ¼ 3:42� 10�3 m;
roughness height 0:25d; 0:375d; 0:5d; 0:625d.
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Fig. 2 shows the schematic of the current numerical simulation.
The hypersonic flow is traveling from left to right at Mach 5.92. As
the flow hits the flat-plate, an oblique shock and a hypersonic
boundary layer are generated above it. For simulations with rough-
ness, a roughness element is mounted on the surface of the flat
plate for each test cases. Pure Mode S or a wall normal velocity
pulse is imposed in the far upstream region to disturb the flow.
Fig. 3 shows the pressure contour and streamline pattern for case
2 in which the roughness is located at xr ¼ 0:185 m. A strong com-
pression region is observed upstream of the roughness. Around the
roughness, Mach waves are generated, and they travel down-
stream at an angle almost parallel to the shock. In the downstream
vicinity of the roughness, expansion waves can be seen. Moreover,
the streamline pattern shows that roughness introduces circula-
tion around itself. As Fig. 3 shows, the size of the circulation region
is bigger upstream of the roughness. Bigger roughness also results
in a bigger circulation. A Mach number contour is shown in Fig. 4. It
shows that roughness increases the Mach number boundary layer.

Similar to the paper by Klebanoff [22], we are interested in the
region upstream and downstream of a roughness element where
the flow is distorted by the existence of the roughness. Figs. 5
and 6 show the stream wise velocity profile upstream of the rough-
ness for case 2 with roughness heights of 25% and 62.5% of the local
boundary layer thickness at different stream wise locations. The
symbols in the figure represent the velocity profile for the case
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Fig. 4. Mach number contours and streamline
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with roughness, while lines represent the profile for a flat plate
without roughness. The figures clearly show that a bigger rough-
ness not only increases the boundary layer thickness, but also ex-
tends the size of the region where the flow can feel the existence of
roughness. For example, the tall roughness can affect the flow up-
stream at x ¼ 0:1446 m, while the short roughness can only have
an effect up to x ¼ 0:1671 m. The same trend is observed down-
stream of the roughness as shown in Figs. 7 and 8. For the shortest
roughness case, the distortion is weak. The recovery zone only ex-
tends to x ¼ 0:21683 m. As the roughness gets larger, the distortion
gets stronger and the separation region becomes more pro-
nounced. The size of the recovery zone consequentially becomes
bigger. In our tallest roughness case, the recovery zone extends
to x ¼ 0:24135 m.

4.3. Grid independence study for steady flow solution

A grid independence study is performed to validate our numer-
ical results for the steady flow. In particular, the grid study is done
on case 2 in which the roughness is located at xr ¼ 0:185 m with a
roughness height of 50% of the local boundary layer thickness. A
double grid in the x-direction simulation and a double grid in the
y-direction simulation are performed independently to save com-
putational time. Fig. 9 shows the stream wise velocity and wall
normal velocity at x ¼ 0:186 m for the regular grid and the double
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grid in the x-direction. This location is chosen because it is near the
roughness element and a separation bubble can been seen (the
negative stream wise velocity in the near wall region). Therefore,
this location is sensitive to grid changes, and can be used as a
benchmark for grid dependence. The good agreement shown in
Fig. 9 suggests that the regular grid is grid independent in the x-
direction. On the other hand, Fig. 10 shows the stream wise veloc-
ity and wall normal velocity for the regular grid and the double
grid in the y-direction taken at the same location. It is seen that
the two grids agree well. From the results, it is concluded that
the regular grid is grid independent in both x and y directions.

4.4. Stability characteristics of boundary layer without roughness

The stability characteristics of boundary layer waves for the
Mach 5.92 flow over a flat plate is studied by LST using a multi-do-
main spectral method defined in Malik et al. [23]. The dimension-
less frequency used for linear stability analysis is defined as

F ¼ 2pfm
u2
1

ð12Þ

where F is the dimensionless frequency and m is kinematic viscous
coefficient. In present simulations, l ¼ 6:05� 10�5 m2/s and
F ¼ 5:30� 10�5 for f = 100 kHz and u1 ¼ 827:29 m/s.

In LST analyses of boundary layer flows, the Reynolds number is
based on the local length scale of the boundary layer thickness d.
They are expressed as

R ¼ q1u1d
l1

; d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
l1x
q1u1

r
ð13Þ
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Hence the relation between R and the unit Reynolds number R1 is

R ¼
ffiffiffiffiffiffiffiffiffi
R1x

p
ð14Þ

With the definitions of Reynolds number R and the dimensionless
frequency F, the dimensionless circular frequency, x, can be ex-
pressed as,

x ¼ RF ð15Þ

Fig. 11 shows the eigenvalue spectra of boundary-layer waves
at a frequency of 100 kHz at x ¼ 0:189 m. The figure shows wave
spectra corresponding to the fast acoustic wave, entropy and vor-
ticity waves, and the slow acoustic wave. The two discrete waves
marked by circles are Modes F and S, respectively. Mode F origi-
nates from the fast acoustic spectrum on the left side of the figure
and passes the entropy and vorticity spectra at the center as the
dimensionless frequency increases. Mode S originates from the
slow acoustic spectrum on the right side of the figure. It becomes
unstable in a certain range of dimensionless frequencies. The figure
also shows that Mode S at this frequency is unstable at x ¼ 0:189 m
with ai < 0.

Fig. 12 shows phase velocities of boundary layer waves at two
locations where x ¼ 0:159 m and x ¼ 0:189 m as a function of cir-
cular frequency. The three horizontal dashed lines represent phase
velocities of the fast acoustic wave, entropy and vorticity waves,
and the slow acoustic wave, respectively. The excellent agreement
of phase velocities at two different locations indicates that phase
velocity is approximately a function of circular frequency only.
The figure clearly shows that Mode F originates from the fast
acoustic spectrum. As x increases, the phase velocity of Mode F de-
creases. When Mode F passes the entropy and vorticity spectra
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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near x ¼ 0:1, there exists a jump of phase velocity which is consis-
tent with theoretical analysis of Fedorov and Khokhlov [24]. On the
other hand, Mode S originates from the slow acoustic spectrum.
The figure also shows that Mode S synchronizes with Mode F at
the point where xs ¼ 0:11563 and as ¼ 0:93076.

Although Fig. 12 shows that the synchronization point has a
constant value of non-dimensional circular frequency xs ¼
0:11563, the dimensional location of the synchronization point in
the x coordinate, xs, is different for different dimensionless fre-
quencies F. The synchronization location in the x coordinate for a
given dimensionless frequency can be calculated from

xs ¼
ðxs=FÞ2

Re1
ð16Þ

This equation indicates that the synchronization point moves up-
stream with increasing dimensionless frequency. Fig. 13 shows
growth rates of modes F and S at the same set of locations as a func-
tion of circular frequency. The horizontal dotted line represents
neutral waves when ai ¼ 0. A mode is unstable when ai < 0. In
Fig. 13, the growth rates of both Mode S and Mode F are approxi-
mately functions of circular frequency only. Mode S is unstable in
the region from xI ¼ 0:000827 to xII ¼ 0:18465, whereas Mode F
is always stable. The parameters xI and xII are called branch I
and II neutral points of mode S. The locations of branch I and II neu-
tral points in the x coordinate change with different dimensionless
frequencies. They can be calculated by

xI ¼
ðxI=FÞ2

Re1
; xII ¼

ðxII=FÞ2

Re1
ð17Þ

which indicates that when the non-dimensionalized frequency (F)
increases, the corresponding coordinates of the branch points
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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decrease. In other words, branches I and II neutral points move up-
stream when F increases. For a disturbance at F ¼ 100 kHz, the
branch I and branch II neutral points are located at 0:00678977 m
and 3:384887 m. More results on the LST analysis on the mean flow
without roughness can be found in Wang and Zhongs paper [25].
4.5. The effect of a single roughness element of different heights on
Mode S

From LST, the eigenfunction of the Mode S perturbation is found
and is imposed onto the mean flow with and without surface
roughness. Moreover, FFT analysis is performed on the unsteady
simulations to study the evolution of the perturbation in the
stream wise direction. Figs. 14(a) and (b) show the growth of the
Mode S pressure perturbation on the wall for case 1 and case 2
respectively. The results for each roughness height are also in-
cluded in each plots. The symbol h on the figures represents the lo-
cal boundary layer thickness. Since the cut-cell method does not
solve for the grid points inside the solid region, all perturbations
drop back to zero inside the roughness element. This is what
causes the discontinuity in the plots. The roughness element of
case 1 and case 2 are located upstream of the synchronization
point at xr ¼ 0:1101 m and xr ¼ 0:185 m respectively. In
Fig. 14(a), it is seen that the perturbation for the 37.5% roughness
is damped slightly in front of the roughness before it starts to grow.
The physical explanation for this is not known. However, for all
other roughness heights, roughness upstream of the synchroniza-
tion point always amplifies perturbations upstream of the rough-
ness. The amplification rate depends strongly on the size of
roughness. For example, in case 2, the 25% roughness element
has the maximum amplitude just about three times the case
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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Fig. 7. Stream wise velocity profile at different locations downstream of the 25% roughness compared with the no roughness case.
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without roughness. However, in the tallest roughness case, the per-
turbation amplitude reaches as high as thirteen times that without
roughness. This amplification in the separation region upstream of
the roughness agrees with the results of Marxen et al. [26].

Downstream of the roughness, the perturbation evolution has
different trends depending on the roughness location. In case 1,
perturbation stays at the same level as the no roughness case.
However, in case 2 (Fig. 14(b)), the roughness height controls
how the perturbation grows downstream. It is found that perturba-
tions are amplified for tall roughness (50% and 62.5%). For small
roughness, perturbations remain the same as no roughness. In gen-
eral, a roughness element at this location has a more pronounced
amplification effect in the vicinity upstream of the roughness
rather than downstream. Moreover, if roughness is placed too up-
stream of the synchronization point, it tends to have a very small
effect on modal growth. If a roughness element is placed a little
bit downstream, the overall effect of the roughness is to amplify
perturbations.

As the roughness moves closer to the synchronization point in
case 3 and case 4, the roughness effect is completely different. In
Fig. 14(c), the roughness sits at exactly the synchronization point
of the perturbation frequency. The perturbation for the smallest
roughness, 25%, is still amplified and grows downstream as if there
is no roughness. However, for taller roughness, the perturbation
only grows in the far upstream region. As the perturbation gets clo-
ser to the roughness, it is damped suddenly. The location where the
damping starts depends on roughness height. In the 37.5% case,
damping starts around x ¼ 0:317 m. When the roughness height
is increased to 50%, the onset of damping moves to x ¼ 0:309 m.
Further increasing the roughness height to 62.5% moves the damp-
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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ing even more upstream to x ¼ 0:303 m. Downstream of the rough-
ness, the perturbation in the small roughness case (25%) follows
the trend of the no roughness case. On the other hand, perturbation
are highly damped in the tall roughness cases. The larger the
roughness is, the weaker the pressure perturbation is compared
to the case without roughness. Tall roughness at the synchroniza-
tion point acts as a perturbation damper of the imposed mode in-
stead of an amplifier.

In the final test case, the roughness is moved even further
downstream to xr ¼ 0:410 m which is downstream the synchroni-
zation point for the imposed frequency. Fig. 14(d) shows how the
pressure perturbation interacts with different roughness heights
at this location. Similar to case 3, the perturbation is amplified
far upstream of the roughness, but is entirely damped when it is
near the roughness. One difference between this case and case 3
is the damping effect is observed for all roughness heights. In addi-
tion, the location of the onset of damping moves further upstream
than in case 3. In the region behind the roughness, perturbations
for all cases stay on the same level and do not grow at all. This is
significantly different from case 3. Judging from this result, it can
be concluded that roughness in this location acts as a more effec-
tive perturbation damper for the imposed mode than case 3. Plac-
ing a roughness element downstream of the synchronization point
can potentially stabilize the flow.

In the simulations, it is found that the relative location of a
roughness element and the synchronization point has a very
important effect on Mode S. Placing a roughness element upstream
of the synchronization point will amplify the mode. The effect is re-
versed if the roughness element is placed at or downstream of the
synchronization point. Moreover, roughness height also plays a
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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role. It has been shown that, for a roughness element less than the
local boundary thickness, taller roughness elements result stronger
amplification or stronger damping depending on the roughness
element location.
4.6. The effect of roughness on disturbances of different frequencies

Alternatively to investigating perturbation growth for a single
frequency, it is also of interest to investigate how roughness affects
perturbations at different frequencies. Ideally, a delta function can
be used to produce perturbations containing the entire frequency
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
(2014), http://dx.doi.org/10.1016/j.compfluid.2014.01.009
spectrum. In present simulations, a Gaussian shape pulse perturba-
tion is used to approximate the delta function. A hole is modeled
on the flat plate located at xh ¼ 0:1 m with a width of
h = 0.003 m. The hole introduces a wall normal velocity pulse in
the mean flow according to

DVðx; tÞ ¼ DVmaxe
�t2�l2

2r2

� �
sin

2pðx� xhÞ
h

� �
ð18Þ

where DVmax is the maximum wall normal velocity perturbation, r
and l control the frequency range and the shape of the Gaussian
perturbation, xh is the x-coordinate of the hole center, h is the total
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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length of the hole. The sinusoidal part in Eq. (18) is to ensure no
additional mass is added.

Fig. 15(a) and (b) show the perturbation pulse in time and space
respectively. Since the velocity pulse is weak, the forcing wave in
the form of a pulse is the same as simultaneously forcing a combi-
nation of different frequencies. For example,

DVðx; tÞ ¼ sin
2pðx� xhÞ

h

� �X1
n¼1

DVn sinð2pfnt þ /nÞ ð19Þ

where DVn and /n denote the perturbation amplitude and phase an-
gle at frequency fn. Fig. 15(c) shows the frequency spectrum of the
Gaussian perturbation obtained from a FFT. It is seen that the fre-
quency range is about 1 MHz before the amplitude drops very close
to zero. This frequency range adequately covers all unstable modes
in the boundary layer for this particular flow condition.

This pulse model is implemented into the mean flow of case 2
where the roughness is located at xr ¼ 0:185 m with a height 50%
of the local boundary layer thickness. Fig. 16 shows the pressure
perturbation contour resulting from the pulse. The hole and the
roughness are also shown in the figure. Fig. 17 shows the instanta-
neous pressure perturbation at different locations. It is seen that
besides the excited perturbation on the wall region, the wall
normal velocity pulse has excited a perturbation outside of the
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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boundary layer. However, this perturbation is weak and it decays
quickly outside of the boundary layer. The pulse also excites modes
in the boundary layer and creates a pressure perturbation on the
wall with a pattern similar to Mode S. However, this perturbation
is not periodic due to the Gaussian nature of the pulse.
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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Fig. 18 shows the time history of wall pressure perturbations at
various stream wise locations upstream of the roughness. Initially,
the front part of the wave packet is amplified as it travels closer to
the roughness, while the tail is slightly damped. When the wave
packet travels further, for example at 0.18285 m, the front is also
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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damped while the tail part is highly damped. Since this pulse com-
prises a wide range of frequencies, an FFT analysis is used to
decompose the perturbation to obtain a better understanding of
the relation between roughness and perturbation frequency.
Fig. 19 shows the frequency spectra of the pulse at the same loca-
tions as Fig. 18. The results for both with roughness and without
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roughness are included. The location of roughness in this case,
xr = 0.185 m, corresponds to the location of the synchronization
point for a perturbation at a frequency of 133.26 kHz, which is
highlighted in Fig. 19(a). It is seen that in the upstream region of
the roughness, perturbations at frequencies from 0 to 120 kHz
are amplified compared with the no roughness case. Moreover,
the peak observed in Fig. 19(b) around 165 kHz has switched to a
lower frequency region to around 129 kHz. This shift can be ex-
plained by the increase of boundary layer thickness due to the exis-
tence of roughness. Since the wavelength of the second mode is
related to the boundary layer thickness, a thicker boundary layer
produces a longer second mode wavelength and thus the fre-
quency becomes lower. This result also agrees with Marxen et al.
[26] in which they state that roughness can move the second mode
instability to a lower frequency region. At x ¼ 0:18285 m, the per-
turbation arrives at a location just upstream of the roughness. It
can be seen that the perturbations at frequencies around
133:26 kHz are strongly damped. The lowest part of the FFT result
is at 140 kHz, which is very close to the synchronization frequency.

Fig. 20 shows the time history of wall perturbations at different
x locations downstream of the roughness. The front part of the
wave starts to grow again once it has passed the roughness. How-
ever, the tail still exhibits some damping effect. At x ¼ 0:21735 m,
the tail part of the wave has reached its lowest amplitude and
starts to grow thereafter. The growth at the tail has become stron-
ger than the front after it has reached its minimum. A detailed FFT
analysis on such a perturbation is shown in Fig. 21(a). Fig. 21(b)
shows the FFT results of the same locations without roughness.
At x ¼ 0:19635 m, a location just behind the roughness, perturba-
tions at frequencies around 100 kHz to 120 kHz are amplified
x (m)

y 
(m

)

0.17 0.18 0.19 0.2

0.00

0.01

0.02

Roughness

x (m)

y 
(m

)

0.24 0.25 0.26 0.27
0

0.01

0.02

ntour at different locations.

ness effect on the stability of a hypersonic boundary layer. Comput Fluids

http://dx.doi.org/10.1016/j.compfluid.2014.01.009


Time (s)
0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.18285 m

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004 x= 0.1440 m

dp
/|p

∞
|

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.17385 m

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.15885 m

Time (s)

Time (s)

Time (s)

dp
/|p

∞
|

dp
/|p

∞
|

dp
/|p

∞
|

Fig. 18. Time history trace of wall pressure perturbations at various streamwise locations upstream part of the roughness.

Frequency (Hz)

(|d
P|

/|P
∞

|)/
(|d

V|
/|U

∞
|)

0 100000 200000 300000
0.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

5.00

5.50

6.00 0.1440m
0.15885m
0.17385m
0.18285m

133.26KHz

(a)
Frequency (Hz)

(|d
P|

/|P
∞

|)/
(|d

V|
/|U

∞
|)

0 100000 200000 3000000.00

0.50

1.00

1.50

2.00

2.50

3.00

3.50

4.00

4.50

5.00

5.50

6.00 0.1440m
0.15885m
0.17385m
0.18285m

(b)
Fig. 19. Non-dimensional frequency spectra of wall pressure perturbation at different locations. (a) Upstream of roughness. (b) No roughness case.

K.D. Fong et al. / Computers & Fluids xxx (2014) xxx–xxx 13

Please cite this article in press as: Fong KD et al. Numerical simulation of roughness effect on the stability of a hypersonic boundary layer. Comput Fluids
(2014), http://dx.doi.org/10.1016/j.compfluid.2014.01.009

http://dx.doi.org/10.1016/j.compfluid.2014.01.009


Time (s)

dp
/|p

∞
|

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.2760m

Time (s)

dp
/|p

∞
|

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004 x= 0.26235m

Time (s)

dp
/|p

∞
|

0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045
-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004 x= 0.24735m

Time (s)
0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004 x= 0.23235m

Time (s)
0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004 x= 0.21735m

Time (s)
0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.20235m

Time (s)
0 5E-05 0.0001 0.00015 0.0002 0.00025 0.0003 0.00035 0.0004 0.00045

-0.004
-0.003
-0.002
-0.001

0
0.001
0.002
0.003
0.004

x= 0.18735m

dp
/|p

∞
|

dp
/|p

∞
|

dp
/|p

∞
|

dp
/|p

∞
|

Fig. 20. Time history trace of wall pressure perturbations at various streamwise locations downstream of the roughness.
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Fig. 21. Non-dimensional frequency spectra of wall pressure perturbation at different locations. (a) Downstream of roughness. (b) No roughness case.
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Fig. 22. Spatial evolution of wall pressure perturbation at three different frequencies (a) 120 kHz, (b) 130 kHz and (c) 140 kHz.
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compared with the no roughness case. However, frequencies
around 133.26 kHz are all highly damped. The frequency range of
the damping effect is from approximately 120 kHz to 170 kHz. It
can also be seen that the strongest damping occurs very close to
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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the synchronization frequency. As the perturbation travels down-
stream, the high frequency perturbations (around 140–170 kHz)
that have been damped in the previous location drop even further.
Meanwhile, perturbations at frequencies around 133.26 kHz start
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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Fig. 23. Non-dimensional frequency spectra of wall pressure perturbation at x = 0.186 m for double grid in x-direction and double grid in y-direction.
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to grow at a slow rate. For the amplified perturbations at frequen-
cies around 120 kHz, the growth is very strong, and the perturba-
tion amplitude is always greater than the no roughness case. The
FFT results from upstream and downstream of the roughness show
that a two dimensional roughness is capable of amplifying pertur-
bations at frequencies lower than the synchronization frequency,
while damping frequencies close to and higher than the synchroni-
zation frequency.

Fig. 22 shows the normalized amplitude of wall pressure per-
turbations at three different frequencies in the stream wise direc-
tion. In particular, we are interested in the frequencies higher than,
close to, and lower than the synchronization frequency of
133.26 kHz. Therefore 120 kHz, 130 kHz and 140 kHz are chosen.
For comparison, their evolution in the case without roughness is
also included. It can be clearly seen that the perturbation at
120 kHz is highly amplified due to roughness because it is lower
than the synchronization frequency. Its amplitude is almost twice
that of the case without roughness at x ¼ 0:275 m. However, the
perturbation at 130 kHz, which is close to the synchronization fre-
quency, is damped compared with the no roughness case. Without
roughness, the perturbation at this frequency grows exponentially
and it reaches a normalized amplitude of almost 4 at x ¼ 0:275 m.
With roughness, this perturbation is amplified far upstream of
roughness. As it gets closer to the roughness, it starts to be damped
significantly. Its normalized amplitude only reaches about 2.5 at
the end of the figure. For the perturbation at 140 kHz, the damping
effect is even more pronounced than the previous case because it is
higher than the synchronization frequency. As shown in Fig. 22(c),
its normalized amplitude grows to around 8 without roughness.
On the other hand, with the existence of roughness, the amplitude
level stays near 2 at x ¼ 0:275 m.
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Fig. 24. Pressure contour of the two roughness meanflow.
4.7. Grid independence study for unsteady simulations

Similar to the steady flow grid study, it is important to validate
grid independence for unsteady simulations. The x-direction dou-
ble grid steady flow and the y-direction double grid steady flow
in Section 4.3 are used for unsteady grid independence study.
The same pulse model in Section 4.6 is imposed onto the two mean
flows respectively to disturb the flows. The same FFT technique is
utilized to study the spatial growth of pressure perturbation.
Fig. 23 shows the frequency spectra for double grid in the x-direc-
tion and the y-direction compared with the regular grid. The fre-
quency spectra are taken at x ¼ 0:186 m. As previously
mentioned in Section 4.3, this location is close to the roughness
element and is sensitive to grid changes. As can be seen from
Please cite this article in press as: Fong KD et al. Numerical simulation of rough
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Fig. 23, the frequency spectra for the two double grid sets agree
very well with the frequency spectrum obtained from the regular
grid. It is concluded that the unsteady simulations are grid
independent.
4.8. The effect of two roughness elements

The effect of multiple roughness elements is considered in this
section. The first roughness is at the same location as case 2,
xr ¼ 0:185 m. The first roughness height is fixed at 50% of the local
boundary layer thickness. The second roughness is placed in the
downstream region of the first roughness at xr ¼ 0:231 m, while
its height is kept the same as the first roughness. The location of
the first roughness corresponds to the synchronization point
frequency for 133.26 kHz, while the location of the second rough-
ness corresponds to the synchronization point frequency for
119.26 kHz.

The same pulse model is imposed onto the mean flow. Fig. 24
shows the pressure contour of the two roughness mean flow. It
is seen that the second roughness generates the same Mach waves
as the one roughness case. In the unsteady simulation, the
perturbation has a frequency range of 1 MHz as in Fig. 15. The pres-
sure perturbation contour is shown in Fig. 25. Similar to the one
ness effect on the stability of a hypersonic boundary layer. Comput Fluids
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Fig. 25. Pressure perturbation contour for the two roughness case.
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roughness case, it is of interest to study how the perturbation
interacts with the two roughness elements. Fig. 26 shows the spa-
tial development of perturbations at different frequencies. Similar
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Fig. 26. Spatial evolution of wall pressure perturbation for the two roughness c
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to Fig. 22, the frequencies chosen are 120 kHz, 130 kHz and
140 kHz. Since the location of the second roughness corresponds
to the synchronization point frequency of 119.26 kHz, it is ex-
pected that the perturbations at these three frequencies will be
damped after the second roughness. Fig. 26 confirms the expecta-
tion. It is shown that the first roughness amplifies the 120 kHz per-
turbation since it is upstream of its synchronization point.
However, when the perturbation travels downstream and ap-
proaches the second roughness, it starts to be damped since the
second roughness is located very close to its synchronization point.
Downstream of the second roughness, the perturbation at 120 kHz
is weaker than the case without roughness. For 130 kHz and
140 kHz perturbations, both roughness elements are located
downstream of their synchronization points. Therefore, the two
roughness elements both have a damping effect on these two fre-
quencies as expected. Fig. 26(b) and (c) show this trend. It is also
seen that the damping effect is more pronounced in the two rough-
ness case than in the one roughness case.
5. Conclusion

The effect of two dimensional roughness on modal growth of a
Mode S perturbation and a perturbation with a wide frequency
spectrum on a hypersonic flat plate at Mach 5.92 has been investi-
gated. The numerical method is the new high order cut-cell meth-
od. One and two roughness elements cases and the effect of
(m)
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roughness height have also been studied. The results confirmed
previous findings in Duan et al. [17] and Fong et al. [19] that a
roughness element is capable of amplifying perturbations at a cer-
tain frequency if the roughness element is placed upstream of the
synchronization point. On the other hand, if a roughness element is
placed downstream of the synchronization point, the perturbations
which have higher frequencies will be damped. It has also been
found that if the roughness height is less than the local boundary
layer thickness, large roughness element results stronger amplifi-
cation or stronger damping depending on the roughness location.
The numerical results of both steady and unsteady simulations
have been validated in grid independence studies. The numerical
results provide an explanation of roughness delay transition as
shown in some experiments [15,16]. Using this information can
provide a new way to control boundary layer transition by using
two dimensional surface roughness. In the future, we will extend
our study from two dimensions to three and study 3D roughness
effect.
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